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On the 34 Concomitants of the Ternary Cubic, 

By Professor Oaylby, Cambridge, England. 



I have (by aid of Gundelfinger's formulae, afterwards referred to,) calculated, 
and I give in the present paper, the expressions of the 34 concomitants of the 
canonical ternary cubic ax 3 + by 3 + cz 3 + Qlncyz, or, what is the same thing, 
the 34 covariants of this cubic and the adjoint linear function %x + yy + t,z : 
this is the chief object of the paper. I prefix a list of memoirs, with short 
remarks upon some of them ; and, after a few observations, proceed to the expres- 
sions for the 34 concomitants ; and, in conclusion, exhibit the process of calcu- 
lation of these concomitants other than such of them as are taken to be known 
forms. I insert a supplemental table of 6 derived forms. 

The list of memoirs (not by any means a complete one) is as follows : 

Hesse, Ueber die Elimination der Variabeln aus drei algebraischen Gleichun- 
gen vom zweiten Grade mit zwei Variabeln : Grelle, t. xxviii (1844), pp. 68-96. 
Although purporting to relate to a different subject, this is in fact the earliest, 
and a very important, memoir in regard to the general ternary cubic ; and in it 
is established the canonical form, as Hesse writes it, y\ -\- y% + y\ + §7ty\y%y$- 

Aronhold, Zur Theorie der homogenen Functionen dritten Grades von drei 
Variabeln : Grelle, t. xxxix (1850), pp. 140-159. 

Cayley, A Third Memoir on Quantics : Phil. Trans., t. cxlvi (1856), pp. 
627-647. 

Aronhold, Theorie der homogenen Functionen dritten Grades von drei 
Variabeln : Grelle, t. lv (1858), pp. 97-191. 

Salmon, Lessons Introductory to the Modern Higher Algebra : 8°, Dublin, 
1859. 

Cayley, A Seventh Memoir on Quantics: Phil. Trans., t. cli (1861), pp. 
277-292. 

Brioschi, Sur la theorie des formes cubiques a trois indeterminees : Gornptes 
Eendus, t. lvi (1863), pp. 304-307. 
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Hermitb, Extrait d'une lettre a M. Brioschi : Crelle, t. lxiii (1864), pp. 30-32 ) 
followed by a note by Brioschi, pp. 32-33. 

The skew co variant of the ninth order (y 3 — z 3 . z 3 — as 3 . x 3 — y 3 for the 
canonical form x 3 + y 3 + z 3 + Qlxyz), and the corresponding contravariant 
yf — £ 3 . £ 3 — £ 3 . £ 3 — >7 3 , alluded to p. 116 of Salmon's Lessons, were obtained, 
the covariant by Brioschi and the contravariant by Hermite, in the last-men- 
tioned papers. 

Olebsch and Gordan, Ueber die Theorie der ternaren cubischen Formen : 
Math. Annalen, t. i (1869), pp. 56-89. 

The establishment of the complete system of the 34 covariants, contravariants 
and Zwischenformen, or, as I have here called them, the 34 concomitants, was 
first effected by Gordan in the next following memoir : 

Gordan, Ueber die ternaren Formen dritten Grades: Math. Annalen, t. i 
(1869), pp. 90-128. 

And the theory is further considered : 

Gundelfinger, Zur Theorie der ternaren cubischen Formen : Math. Annalen 
t. vi (1871), pp. 144-163. The author speaks of the 34 forms as being " theils 
mit den von Gordan gewahlten identisch, theils moglichst einfache Combina- 
tionen derselben." They are, in fact, the 34 forms given in the present paper 
for the canonical form of the cubic, and the meaning of the adopted combina- 
tions of Gordan 's forms will presently clearly appear. 



There is an advantage in using the form ax s + by 3 + cz 3 + Uxyz rather than 
the Hessian form x 3 + y 3 + z 3 + Qlxyz , employed in my Third and Seventh 
Memoirs on Quantics : for the form ax 3 + by 3 + cz 3 + Qlxyz is what the general 
cubic (a, b, c,f, g, h, i,j, h, l){x , y, z) 3 becomes by no other change than 
the reduction to zero of certain of its coefficients ; and thus any concomitant of 
the canonical form consists of terms which are leading terms of the same con- 
comitant of the general form. 

The concomitants are functions of the coefficients (a , b , . . T) , of (£ , yi , £) , 
and of (cc , y , z) : the dimensions in regard to the three sets respectively may be 
distinguished as the degree, class, and order ; and we have thus to consider the 
deg-class-order of a concomitant. 

Two or more concomitants of the same deg-class-order may be linearly 
combined together : viz., the linear combination is the sum of the concomitants 
each multiplied by a mere number. The question thus arises as to the selection 
of a representative concomitant. As already mentioned, I follow Gundelfinger, 
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viz., my 34 concomitants of the canonical form correspond each to each (with 
only the difference of a numerical factor of the entire concomitant) to his 34 
concomitants of the general form. The principle underlying the selection would, 
in regard to the general form, have to be explained altogether differently ; but 
this principle exhibits itself in a very remarkable manner in regard to the 
canonical form okc 3 + by 3 + cz s 4- Glxyz. 

Bach concomitant of the general form is an indecomposable function, not 
breaking up into rational factors ; but this is not of necessity the case in regard 
to a canonical form (only a concomitant which does break up must be regarded 
as indecomposable, no factor of such concomitant being rejected, or separated). 
So far from it, there is, in regard to the canonical form in question, a frequent 
occurrence of abc -f- 81 s or a power thereof, either as a factor of a unique con- 
comitant, or when there are two or more concomitants of the same deg-class- 
order, then as a factor of a properly selected linear combination of such con- 
comitants : and the principle referred to' is in fact that of the selection of such 
combination for the representative concomitant ; or (in other words) the repre- 
sentative concomitant is taken so as to contain as a factor the highest power 
that may be of abc + 81 s . (As to the signification of this expression abc + 8Z 3 , 
I call to mind that the discriminant of the form is abc (abc + 8Z 3 ) 3 ). 

As to numerical factor : my principle has been, and is, to throw out any 
common numerical divisor of all the terms : thus I write S = — abcl -f- Z 4 , 
instead of Aronhold's S = — Aabcl + AP. There is also the question of nomen- 
clature : I retain that of my Seventh Memoir on Quantics, except, that I use 
single letters H, P, &c, instead of the same letters with U, thus HU, PU, &c ; 
in particular I use U, ff, P, Q instead of Aronhold's/, A, S f , T f . It is thus 
at all events necessary to make some change in Gunde Imager's letters ; and there 
is moreover a laxity in his use of accented letters ; his B , B', B", B", and so 
in other cases E , E', E", &c, are used to denote functions derived in a determi- 
nate manner each from the preceding one (by the 5-process explained further 
on) ; whereas his L , U; M, M'; N, N' are functions having to each other an 
altogether different relation ; also three of his functions are not denoted by any 
letters at all. Under the circumstances, I retain only a few of his letters ; use 
the accent where it denotes the 5-process; and introduce barred letters J, K, &c, 
to denote a different correspondence with the unbarred letters J, K, &c. But I 
attach also to each concomitant a numerical symbol showing its deg-class-order, 
thus : 541 (degree = 5 , class = 4 , order = 1) or 1290, (there is no ambi- 
guity in the two-digit numbers 10, 11 , 12 which present themselves in the system 
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of the 34 symbols) ; and it seems to me very desirable that the significations of 
these deg-class-order symbols should be considered as permanent and unalterable. 
Thus, in writing /S= 400 = — abcl -j- l\ I wish the 400 to be regarded as de- 
noting its expressed value — abcl -f- P : if the same letter S is to be used in 
Aronhold's sense to denote — 4abcl + 4? 4 , this would be completely expressed 
by the new definition S — 4.400, the meaning of the symbol 400 being explained 
by reference to the present memoir, or by the actual quotation 400 = — abcl -f- I*. 
I proceed at once to the table : for shortness, I omit in general terms which 
can be derived from an expressed term by mere cyclical interchanges of the letters 
(a, b, c), (£, yi, £), 0«> V, »)• 

Table of the 34 Covariants of the Canonical Cubic ax 3 -j- by 3 -j- cz 3 + 6lxyz and 

linear form %x + y\y + "(,% . 

First Part, 10 Forms. Class = Order. 

Current No. 

1 S = 400 = — abcl + IK 

2 T = 600 = aW — 20abcl — 81 s . 

3 A = 011 = £e + viy + £jb. 

4 = 222 = y? [ — Vg — 2abg] . . 

+ yz[bc£» + 2ZV] . . 

5 0' = 422 = x* [ I (abc + 21 s ) ? + a (abc — 41 s ) r,£] . . 

+ yz [bcP£* — 2 (abc + 2Z 3 ) ^] . . 

6 0" = 622 = x 9 [ — (a&c + 2Z 3 ) 2 £ 2 .+ 12aZ 2 (a6c + 21 s ) V Q . . 

+ yz [366cZ 4 § 2 + 2 (a&c + 2Z 3 )V] . . 

7 B = 333 = x 3 [a 2 (o? 3 — 6£») ] . . 

+ yh [(abc + 8l 3 ) yf£ + 126Z 2 £ 2 £ + Sbclgrf] . . 
+ yz % [— (a&c + 8Z 3 ) rfc — 66cZ££ 2 — 12cZ 2 £»7 2 ] . . 

8 B! — 533 = x 3 [3a 2 Z 2 (o? 3 — b? )] . . 

+ ;*/ s * [— ? s (a&c + 81 s ) vf£ + 4M (— abc + ? 3 ) ^ 

— be (abc— 101 s ) %\] . . 
+ ^ 2 [I 2 (abc + 8Z 3 ) »?£» + 6c (aJc — 1 OZ 3 ) ££» 

— 4cZ(— a&c + Z 3 )^ 2 ] . . 

9 5" = 733 = x 3 [9a 2 ? 4 (c n s — &£ 3 )] . . 

+ yh [I (abc + 8Z 3 )(2a6c + I s ) yft 

+ &(a&c+2Z 3 )(a5e— 10Z 3 ) £»£+66cP(— afc+Z 3 )£V] . . 
+ 2/z 2 [— I (abc + 8l 3 )(2abc + P) rp 

—6bd 2 (—abc+l 3 )Ze—c(abc+2l 3 )(abc—10l 8 )&*] . . 
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Current No. 

10 B" — 933 = x s [27a*Z« (en 3 — &£ 8 )] . . 

+ yH [— (abc + 8Z 8 )(a6c — l 3 )\% + 96Z 2 (afc + W)%*% 

— 27bcl 4 (abc +W) %\] . . 
+ 2/a a [(abc + 8? 3 )(a&c — Z 3 )V 2 + 27&cZ 4 (a&c + 2Z 3 ) ££» 

- 9cZ 2 (a&c + 2Z 3 ) 2 §» 7 2 ] . . 

Second Part, (4 + 4 =) 8 forms. Class = , and Order = . 

Class = o. 
U U = 103 = ax 3 + by 3 + cz 3 + Uxyz. 

12 # = 303 = I 2 (ax 3 + % 3 + as 8 ) — (a&c + W) xyz. 

13 *P = 806 = (abc + 8Z 3 ) 2 f aV+% 6 + cV— 10 (&#W+ caaV+ abx 3 y s ) J . 

14 XI = 1209 = (abc + 8Z 3 ) 3 \by 3 — cz 3 . cz 3 — ax 3 , ax 3 — by 3 1 

Order = 0. 

15 P = 330 = — I (bet 3 + car? + ab<?) + (— abc + U 3 ) &£. 

16 Q = 530 = (abc — 10Z 3 )(6cf + cm? 3 + ab£ 3 ) — 6Z 2 (babe + 4Z 3 ) fr% . 

17 F — 460 = & a c 2 f+c 2 aV+a 2 6 2 ^ 6 — 2(a6c + 16Z 3 )(a>7 3 ^+^ 3 +cf>7 3 ) 

- — 24Z 2 (beg* + cay; 3 + «Z>£ 3 ) ££ — 24? (a&c + 2Z 3 ) £V£ 2 . 

18 n = 1290 = (abc + 8P) 3 £ «7 3 — &£ 3 . a£ 3 — cf . bg» — arfl 

Third Part, (8+8 =) 16 forms. Class less or greater than Order. 

Class less than Order. 

19 J — 4U = (abc+8l s )\£x(by 3 —cz 3 ) + n y(cz s —ax 3 ) + fr(ax 3 —by s )\. 

20 K — 514 = (abc + SI 3 ) \ £ [alx 4 — 2blxy 3 — 2clxz 3 + 3%V] . . | . 

21 K' = 714 = (abc + 8Z 3 )£ £ [(abc + 2Z 3 ) (ox 4 — 2Z>% 3 — 2cfoz 3 ) 

— lSbcPy**] . .}. 

22 # = 625 = (abc+ 81 s ) {^(by 3 — cz 3 ) [2l*x* + bcyz~\ . . 

+ r&W — cz 3 )[±alx* + 2%s] . . \. 

23 j£' = 825 = (abc + 8Z 3 ) j f (% 3 — cs 3 )[?(a5c + 2Z 3 ) x 2 — MdPyz] . . 

+ n(> W — OC a (« &c — M?) «* + l (ate + 2l 3 ) yz\..}. 

24 E" = 1025 = (abc + 8Z 3 ) |f (b?j 3 — cz 3 )[(abe + 2Z 3 ) 2 a; 2 + \8bcPyz] . . 

+ viZ(by 3 — cz 3 )[— \2al % (abc + 2Z 3 )» 2 +(a&c + 2Z 3 )V] . .}. 

25 M = 917 = («6c + 8Z 3 ) 2 { | (% 3 — c^ 3 ) [baM— blxf—clxz 3 — Sbctftf] ..}. 

26 M ' — 1117 = (abc + 8Z 3 ) 2 j | (% 3 — cz 3 )[(abc + 2l 3 )(5ax* — bxy 3 — ca*5 3 ) 

+ 18&cZys 2 ] . .}. 

Order less than Class. 

27 J = 841=(a6c+8Z 3 ) 2 -J^a(c> ? 3 — ^ 3 ) + 2/)76(a^— cf) + <c(6f— V)f. 

28 ~K — 541 = (a&c + 8Z 3 )| a; [&c^ 4 — 2ca^ 3 — 2a&^^ 3 — Qalri^ . . \. 
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Current No. Order less than Class. 

29 K' — 741 = (abc-\-8P)\x[l\bc^ — 2caZy l 3 -2abt<?)+a(abc+2Vyt?~\. . f ■ 

30 18 = 652 = (abc+8V)\x* (cy? — b?)\_2al%* + a\Q . . 

+ ye (en 3 - 6£»)[4Z»£» + 2afc£] . . } . 

31 W = 852 = (a6c + 8^ 3 )|a; 2 (o? 3 — 6£ 3 ) [a (a&c — 4Z 3 ) f — 6a s ZV] • • 

+ yz (cr, 3 — 6>' 3 ) [4? (a&c + W) f + a (a&e —4?) ^] . . } . 

32 E" — 1052 = (abc+ 8l 3 ) \ x 2 {erf— b<?) [— 3a? 2 (abc + 2Z 3 ) f + 9a»&£| . . 

+^s (c>7 3 — b?)[(abc+2Fy? — 3aZ 2 (a6c — 4Z 3 )^] . . \. 

33 j^ = 771 = (afc + 8F) \ x (cr? — b<?) [(abc — 8l 3 ) £ 4 — a % c^ 3 — a % b£Q 

— 12aP?9iS— 6aV? 2 ] • •}• 

34 M' — 971 = {abc +8f)\x{cYi 3 — b^ 3 )[P(7abc+8l 3 )^— Sa?cPfr 3 — 3aW|£ 3 

+ 4al (abc — I 3 ) ? n % + a 2 (abc — 101 s ) >? 2 £ 2 ] . . f ■ 

To this may be joined the following Supplemental Table of certain De- 
rived Forms : 

35 R = 1200 = US 3 — T* — — abc (abc + 8Z 3 ) 3 . 

36 C — 703 = — TU+ 2iSH= (abc + 81 s ) \ (— afc+ 4Z 3 )(ax 8 + bf+ cz s ) 

+ 18a5cfoyaj-. 

37 D = 903= 8aW— 37^=(a6c+8^)^ 2 (5afe+4? 3 )(a^+% 3 +c^) 

+ Sabc (abc — 10Z 3 ) xyz\. 

38 Y = 930= STP — ±SQ = (afo + 8Z>)» {*(&£» + m>? 3 + a^ 3 ) 

— 3abc£r;Z\. 

39 Z = 1130 = — 48£ 2 P+ r§=(«5c+ 8P) 8 Kaic + 2Z 3 )(6cf + ca^+aZ^ 3 ) 

40 4> = 1640 = 12 (abc + 8? 3 ) 2 i^ — 288STP 2 + 1§8S?PQ — 8TQ* 

= (abc + 87 3 ) 4 -{Z>V£ 6 + AV + « 2 ^ 6 
— lOaic (a n % 3 + J^f + cf j? 3 ) f . 

viz., these are derived forms characterized by having a power of abc + 8? 3 as a 
factor : i2 is the. discriminant ; C, D, Y, Z occur in Aronhold, and see my Seventh 
memoir on Quantics : 4> in Clebsch and G-ordan's memoir of 1869. 

I regard as known forms A, U, H, P, Q, S, T, F, that is, the eight forms 
3 , 11 , 12 , 15 , 16 , 1 , 2 , 17 ; the remaining 26 forms are expressed in terms of 
these by formulas involving notations which will be explained, viz : We have 

13 tp = 3 (bc'+b'c — 2ff, . . gh'+g'h — af '— a'f , . .$X, F, Z\X', T, Z') + TIP. 

14 n = 1 iJac(JT, ff, *). 
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18 n =-h Rac] (P, Q,F). 

4 = (be _ f», . . gh _ a f, . .#, „, 0*. 

5 0'= -M0. 

6 0= i5 2 e. 

7 B = — 4- Jac ( U, © , A) . 

9 5"= i &B . 

10 5" = -k $ S B. 

19 J = — -f Jac(Z7, PT, A). 
27 7 = i[Jac](P, £, A). 

20 jr = — j- 1 d^d w H + a,08 tf zr+ a^ea;^ — #zja . 

21 K' = — ($) iT, 

28 f= 3 {a.ea f p + a,ea,p + a,©a,p^ + qa . 

29 if ' = 1(5)^. 

22 E = — ^-Jac(JT, Z7, A). 

23 p' = — 4- (a) 5. 

24 P" = t (#)■#. 

30 E = — | Jac (if, *7, a) . 

31 E> = — ^-(h)E. 

32 J" = — | (S 2 )P. 

26 if = w Jac(*7, *P, A). 

26 if ' = — (S) if. 

33 M = — 1 [Jac](P, P, A) . 

34 I'= 4 (S) Jf. 

In explanation of the notations, observe that 

JJ = ax 3 + % 3 + C2 8 + 6foj/2 , 

H—P (ax 3 + % 3 + cz 3 ) — (a&c + 2Z 3 ) xyz . 

Hence, writing 

6Pf = a'x s + b'y 3 + cV + QHxyz, 

we have 

a', b', d, V = 6aZ 2 , 66Z 2 , 6cZ 2 , — (a&c + 2l 3 ). 

And this being so, we write 

X, Y, Z — ax* + 2Zy/z;, % 2 + 2fe£C - C22 + 2 %> 

a, b, c, f, g, h = ax, by,cz, he, ly , Iz , 
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for \ of the first differential coefficients, and -f- of the second differential coeffi- 
cients of U; and in like manner 

X', Y', Z' = dx*+2Vyz, b'f + 21'zx, dz*+2Vxy, 

a', b', d, f, g*, h' = a'x, b'y, dz, Vx, Vy, I'z, 
for -§- of the first differential coefficients, and -j- of the second differential coeffi- 
cients of 6.ff. 

Jac. is written to denote the Jacobian, viz : 



Jac(CT, H, V) = 



d x u, d y u, d,u 

d„H, d y H, d z H 



and in like manner [Jac] to denote the Jacobian, when the differentiations are 
in regard to (£ , n , £) instead of (x , y , z) : b is the symbol of the ^-process, or 
substitution of the coefficients (a', b', d, I') in place of (a, b, c, I); in fact 
b = a!d a + b'd b + dd c + l'd t : b , b 2 , &c, each operate directly on a function of 
(a, b, c, I), the (a 1 , V, d, I') of the symbol b being in the first instance regarded 
as constants, and being replaced ultimately by their values ; for instance, 
babe = a'bc + ab'c + abd, b 2 abc = 2 (ab'd + dbd + db'd) , b 3 abc = Qa'b'd. 

In several of the formulae, instead of 8 or b 2 , the symbol used is (b) or (b 2 ) ; 
in these cases the function operated upon contains the factor (abc + 8l 3 ) or 
(aba + 8l 3 ) 2 , and is of the form (abc + 8l 3 )(aU + 67+ cTT) or («6c + 8Z 3 ) 2 
(a 2 Z7 + abV+ &c.) : the meaning is, that the 5 or b 2 is supposed to operate 
through the (abc + 8Z 3 )a , or (abc + 8Z 3 )V, &a, as if this were a constant, upon 
the U, V, &c, only; thus: (b) . (abc + 8l 3 )(aU + bV + cW) is used to denote 
(abc + 8l 3 )(abU + bo V+ cbW). As to this, observe that, operating with b 
instead of (b) , there would be the additional terms US (abc + 8l 3 )a + &c. ; we 
have in this case b (abc + 8Z 3 )a , = a (2a'bc + a#c + abd + 24W) + 8ZV, = 24a 2 bcP 
— 2\al 2 (abc + 2Z 3 ) + 48aZ 5 , = 0;.or the rejected terms in fact vanish. For 
(b 2 ) .(abc + 8P)(aU + bV + cW) , operating with b 2 , we should have, in like 
manner, terms US* (abe + 8l 3 )a, &c. ; here b 2 (abc + 8Z 3 )a = a' 2 bc + 2a6aV 
+ 2aca'&' + a 2 b'd + 24JWZ' + 24all' 2 , which is found to be = — 24a (abc + 8F) 
(— a6cZ + Z 4 ) , that is, = — 24$ (a&c + 8Z 3 )a ; and the terms in question are 
thus = — 2±S(abc+ 8l 3 )(aU + bV+ oW), viz. (abc + 8l 3 )(aU+bV+ cW) 
being a covariant, this is also a covariant ; that is, in using (b 2 ) instead of b 2 , we 
in fact reject certain covariant terms ; or say, for instance, b 2 E being a covariant, 
then (b 2 )E is also a covariant, but a different covariant. The calculation with (b) 
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or (5 2 ) is more simple than it would have been with & or 5 2 . See post, the calcula- 
tions of K', K', &c. 

I give for each of the 26 co variants a calculation showing how at least a 
single term of the final result is arrived at, and, in the several cases for which 
there is a power of abc -+- 8l 3 as a factor, showing how this factor presents itself. 



Calculations for the 26 Covariants. 



13 



<P = 3 (W+ b'c — 2ff, . . gh'+ g'h— af— a'f, . .\X, Y, Z\X', Y', Z') + TIP, 
= 3 ((bd+ b'c)yz — 2U'x*, . 2ll'yz — (al'+ a'l)^, \ax*+21yz , .\a'v?+ 2l'yz , .) 
+ T(a*x« + . .). 

The whole coefficient of x 6 is 

— UVaa' + Ta\ = SQaH 3 (abc + 2l 3 ) + Ta\ 
viz. the coefficient of a 2 » 6 is 

= 36Z 3 (abc + 2Z 3 ) + aW — 20abcl 3 — SI 6 
= aW + IGabcl 3 + 64Z 6 , 
= (abc + 8Z 3 ) 2 . 

x, x', i djv 

n-^ Jac(Z7, #, f), = i 



14. 
Here 



^, Z',±d,V 



by 3 )}, 



YZ' — Y'Z = (% 2 + 2&a;)(c'2 2 + 2l'xy) — (cs 2 + 2lxy)(b'z* + 2?»y) , 
= (6c' — b'c) y*z* + (2 W — b'l )xy 3 —2 (cV — dl ) xz 3 , 
= — 2 (abc + 81 s ) x (by s — cz 3 ) ; 
| . | ajp = j- (a¥ — babtfy 3 — hactfz 3 ) . 

Hence the whole is 

= _ {ab G + 8Z 3 )|aV (by 3 — cz 3 ) + % 6 (cz 3 — ax 3 ) + cV (a* 3 - 
= (abc + 8Z 3 Xby 3 — cz 3 )^ 3 — ax s )(ax 3 — by 3 ) . 

is. n = - £ [Jac](p, g, p) = - j a„p, a„#, a„p 

viz. if, in this calculation, we write 

6P = aS 8 + b7/-f-< s -{-61?J7C , i.e. a, b, c, 1 = — Gibe, —Qha, — Qlab , — abe + 4P 

Q = &'?+ b Y+c'C 8 + 61'^C ; » a '» b '> c '> 1' = (abo—10P%bo , ca , ab), — P (babe + 4?), 
then 

af +21^, 9ie + 2 r»£ , i V 
b^+21^, bv+2i'^,|a,p 

c^ + 21^, c'^+21'^,13^ 



n 
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(V+ 21#)(cY+ 21'^)-(bV+ 21'^)(«7»+ 21$) 
= (be'.— b'c) y? 2 ^ + 2 (W — b'l) fy 3 - 2 (cl' — dl) £?, 
or since 

be' — b'c = , 

bl' — b'l = — 6ka . — P (5abc + U 3 ) — (abc — KM 3 ) ca (— ale + AP) 
= ca{M 3 (babc + 4Z 3 ) + (abc — U 3 )(abc — KM 8 )} 
= ca (abc + 8l s f, 
and the like for cl' — c'l , the expression is 

= 2 (abc + 81 3 )\ca n 3 — ah?) £ ; 
and the whole is thus 

= - 4 (abc + 8lJ\ (can 3 - a*>?) I ■ h d f F + . . } 

= — j (abc + 8l s f\(cavi 3 — att?)[W? — (abc + 16Z 3 )(i£ 3 f + c£V) + &c] 
+ (ah?— &cf)[c s aV— (abc + 16Z 3 )(c£V + ay 3 ?) + &c] 
+ (6cf — cayi 3 )[a%^ e — (abc + lGZ 3 )^ 3 ^ 3 + &f 3 f) + &c.]f. 
Here the coefficient of £V, inside the | \, is 

a6V+ 5c 2 (a&c + 16Z 3 ), = 26c 2 (oJc + 8l 3 ), 
and consequently the whole is 

= — (a&c + 8l 3 )\b<?e^ —..,), 

= (a&c + 8Z 3 ) 3 { (cyi 3 — 6£ 3 )K 3 — e? )(&£» — <V) } . 

4 0= (bc-f 2 ,..gh-af,..^,>7^) 3 

= (bcyz — ZW)£ 2 . . + 2 (Pyz — ahfyfc . . 
which are the terms of the final result 

e = w 2 [— Z 2 f — 2ahg] + yz [6cg» + 2zy]. 

5 and 6. The ^-process applied to the terms of just written down gives 

0' = J 30 = v? \}l>$» — (al! + o!1)yiQ + yz \}(bd + b'c) ? + 2Z?'»£| , 

©" = j5»e = a? [— Z' 2 £ 2 — 2a'Z'^] + yz \Vd? + 2Z' 2 ^], 
and substituting for a', b', c 1 , V their values, we have the corresponding terms of 
0' and 0" respectively. 

7. #= — fJaa(J7, 0, A), = — F, 3^0,^ 

z, a*0,£ 

A term is X^c^© — ^0) , and if, in this calculation, we write 
= (A , B, C, F, G, Hfx , y , a) 2 , i. e. A = — Z 2 £ 2 — 2aft£, ..F=\ bc?+ Pr£ , 
then the term is 

= (ax" + 2lyz)\x.2(Gr, — B%) + y . 2(ify - JBf) + s. 2((7>? - J%)\. 



Oaylby : On the 34 Concomitants of the Ternary Cubic. 



11 



Here 

2(Gh,-HQ=z vicarf + P&) - £(ab? + l*&), = a(cn 3 - b<?), 
and hence the whole term in x 3 is = a?x 3 (cy; 3 — b% 3 ). 

8, 9, 10. The coefficient of ccV in B is d?c, and hence in oB , S*B , o s B 

-the coefficients of this term are 2a'ac + aV, 2a /8 c + Aaa'c', 6a'V, whence in 
B', B", B'" = ~ SB, 2-4 h % B , -^ o 3 B respectively, the coefficients are 
| (aV + 2aa'c) , ^ (a n c + 2aa'd) , \ a'V, 
= 3Z 2 a 2 c , 9Z 4 a 2 c , 27Z 6 a 2 c respectively. 



19. 



J=— | Jac(Z7, ,0", A) = 



^, 


X', 


z 


F, 


Y, 


V 


^, 


0, 


£ 



a term is 1 (FiT — F 7 ^)^, where, as in a previous calculation, 

YZ' — Y'Z= — 2 (abc + SI 3 ) x (by 3 — cz 3 ) . 
Hence, whole is 

= (abc + 8Z 3 ) \ %x (by 3 — cz 3 ) + >^ (cz 3 — ax 3 ) + £z (okc 3 — % 3 ) J- . 

. af + 2 1^, a'f + 21'»£, a; 
27. J"= A [Jac] (P, g,- A) = i b,? 2 + 2 1# , bV + 2 l'# , y 

c£» + 21^, c>? + 2Y&, * 
if, as in a previous calculation 

6P = af + b>7 3 + c£ 3 + 6 l^ , Q = a'f + by + c'£ 3 + 6 !'&$ . 
Here, as before, 

(W + 2 l££)(tf£»+2 1'&)— (by +2 l'££)« 2 + 2 1&) = 2 (a&c + 8Z 3 ) 2 ( C a>7 3 - a&£ 3 )£ . 
Hence, whole is 

= (abc + 8Z 3 ) 2 -|^a (07 3 — 6£ 3 ) + #>?& « — cf ) + <c (bg* — ayj A )\. 

20. JT = — f (d ( Sd m H + 3,©a y iT + d&d^H) — SUA, 
which, if being 

= I (a'x 3 + b'y 3 + e/3 3 + 6l'xyz), 

and putting @ = (A, B, C, F, G, S^,. v , £f, A = — Pa? + %z, . . 
F = — a&c 2 H- %z, . . is 

= - 1 H«'^ + 2Z'^)(^ + a? + #0 — (— o&cZ + Z 4 ) Z7(£as + ^ + £ a ) 

.+ (&y + 2Vzx)(H£ + B v + J^) 
+ (c^ 2 + 2l'xy)(G£ + ify + 0^}. 



12 Oayley : On the 34 Concomitants of the Ternary Gubic. 

The whole coefficient of £ is thus 

= — } { (a'x* + 2l'yz) A + (b'y* + 2Z'«b) IT + (c'z 2 + 2J'ajy) G\ — (— a&cZ + Z*) C^ 
= — | ^(a'sc 2 + 2Z»(— ZV+ %«) + (&y+ 2Z' S a;)(— cfe 2 + Z 2 a;?,) 

+ (c'z 2 + 2l'xy)(— bltf + Z»ae) } — (— abcl + ^{ax* + fee^ 8 + ca;z 3 + 6&tya} , 

and herein the coefficient of cc 4 is 

= y? — al (— abc + I s ), = 9al i — at (— abo + Z 3 ), = (a&c + 8Z 3 ) a? ; 
viz. we have thus the term (abc + 8Z 3 ) § . aM of the final result. 

21. iT' = — (5)iT, where iT is of the form (abc + 8Z 3 ) (all + bV + cW), 
and operating with (S), we obtain (a&c + 8l s )(a8U-\- b$ V -\- chW). Taking for 
instance the term of K, (abc + 8Z 3 ) £ [alx 4 — ; Zblxy 3 — 2cfoz 3 -|- 3&c?/V] , then, in 
operating with (&), the term be may he considered indifferently as belonging 
to 6 For cW, and the resulting term of K' is 

K' = — (&)K= — (abc + 8Z 3 ) £ \al'x i — 2bl'xf — 2cZW + Udy % z % ~\, 

— (abc + 8Z 3 ) £ [(abc + W)(ax i — 2bxtf — 2cxz 3 ) — 18&c?»#V] 

28. K— B\d m ed t P + a y ea,P + 3,08^} + £A ; viz. writing 

= (A, B, G, F, G, H\x, y, zf, A= — Z 2 f — 2altf, . . F= | 6cf + Ptf, . . 

then this is 

= 3{ [— 36cZ£ a + (— abc + U S ) V Q 2 (Ax + Hy + Gz) 
+ [— 3caV+ (— abo + 4Z 3 )££] 2 (JZc + % + i^) 
+ [— Sab1?+ (— «&c + 4Z 3 )^] 2 (0a; + % + Gz)\ 
+ {(a&c — 10Z 3 )(6cf + aw? 8 + a&£ 3 ) — Ql % (5abc + U 3 )^\(^x + ^ + £s). 

The whole coefficient of a? is thus 

= 3{ [— Sbcie + (— abc + 4Z 3 )»£j (— 2Z 2 £ 2 — 4a&£) 
+ [— 3caZ»? 2 + (— a&c + 4Z 3 )££](a&£ 2 + l*fy) 
+ [— 3a&Z£ 2 + (— abc + 4Z 3 )^](ac)7 2 + Z 2 ££)} 
+ | (a&c — 10Z 3 )(6c£ 4 + ca^ 3 + a6^) — 6Z 2 (5a6c + 4Z 3 ) £•»£[, 

and herein the coefficient of £ 4 is 185cZ 3 + (abc — 10Z 3 ) be, = (abc + 8Z 3 ) be, 
giving, in the final result, the term (abc + 8l 3 ) % . bcx\ 

29. w = i (3) if: 

Here ^"is of the form (abc + 8Z 3 )(a?7 -+- 6F + cF), and we have 
TC = | (a6c 4- 8Z 3 )(aaZ7+ 65F+ c5TF). 
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A term of aU + bV + cW is x [beg 4 — 2ca& 3 — ZaJbgg— Qdb^^] where be? 
may be considered as belonging indifferently to 6 For cW, and so for the other 
terms. The resulting term in -g- (aS TJ + bh V + c8 W)' is thus 

\ x [be 1 ?- 2,ca'gri s — lab'g 3 — 6oZV£»], 

which is = x \l\bc?— 2ca& 3 — 2ab^ 3 ) + a (abc + W) ^] , and we have thus 
a term of K'. 

22. E- — -& Jac(JT, U, A): 

iT contains the factor ct&c + 8Z 3 , and if, omitting this factor, the value of K is 
called A% + -S>7 + C£, then we have 

E=-\\ (Rl + yfiJB + #. <7)( F£ - Zn) + (^ + nd y B + £3, t7)(2g - XQ 
+ (&,A + ^5 + £9.C) (X n - F£)h 

and the term herein in £ 2 is — \ £ 2 (Zd v A — Yd z A), where A is 

= alx* — 2blxy 3 — 2chcz 3 + Sbcy 2 ^ ; viz. the coefficient of £ 2 is 

= — 1 f(cs 2 + 2lxy)(— 66%» + 6&C2/z 2 ) — (6/ + 2ke)(— 6cte 2 + 66oy»a)}, 
= WcyH — b<?yz 4 + 26Z 3 £c 2 3/ 3 — 2cZW, 

= (2ZV + bcyz) (by 3 — cz 3 ) : 

Hence, restoring the omitted factor (abc + 8l 3 ), we have in E tne term 

(«6c + 8l 3 )?(by s —cz 3 ) [2ZV + &cya]. 

23, 24: j&' = — | (5) #; #" = 1 (5 2 ) .#: 

£" is of the form (abc +■ 8Z 3 ) (aC/"+ &F + cTT), and, as before, in a term such as 
(abc + 8f)^(bif — ca 3 ) (2?W> + &cj/z) we operate with h or #* only on the factor 
2^« 2 + bcyz; and in .E" and E" respectively, operating upon this factor, we obtain 

- t \ Wrf + (hd -fc" &'c) 2/2 1 , and j { 4Z' 2 sc 2 + Wdyz \ , 
viz. we thus obtain in E' the term 

(abc + 8Z 3 ) f (% 3 — cz 3 ) [I (abc + 2P) k 2 — SftcPyss], 
and in E" the term 

(abc + 8Z 3 )£ 2 (% 3 — cz 3 ) [(abc + 2Z 3 ) 2 x 2 + 186cfy»]. 

30. #=-jJac(JT, U, A),=- | 3,£, F, v 

\d,K, Z, { 
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and, if omitting in K the factor abc + 8Z 3 , we write K= Ax + By + (7z, where 

J. = beg* — 2ca£yi 3 — 2ab^ s — ftalyfZ?, this is = — 3- 5, F, >? which contains 

O, Z, $ 
the term 

\X (B£ — (7»7), = l(«x a + 2^) ^ (c^ 4 — 2abr l <? — 2bc^ 3 — 6W£»£») 

-);(<- 2Z>c£f — 2ca^ 3 — 6c£Y)f> 
= (ax a + 2^a) (07 3 — &£») (22£» + e»£). 

Hence, restoring the factor «5c + 8Z 3 , we have the terms 

# = (oftc + 8Z 3 ) {a* (07 3 - &£») |>Z£ a + aV£| + yz (07 3 — «*) [4P£» + 2a&£| }. 
31 and 32. E'=—\ (h) E, E" = — l (S 2 ) E: 

E is of the form (abc + 8P)(aU +bV + cTF), and we operate with 5 and «5 a on 
the factors 2aZf + a 2 >?£, Ac; viz., 5 (2aJf + aV) = 2(aZ' + a7)f + 2aa^, 
3 2 (2aZ£ 8 + afrfc) = 4a7'£ a + 2a' V, and we thus obtain in E' the term 

(a&c + 8Z 3 ) x* (erf — b<?) [a (abc — 4Z 3 ) £ 2 — Ba 8 ?^ , 
and in E" the term 

(«6c + 8*V(«7 8 — &f) [— 3o?(o6c + 2Z 3 )f + 9a 2 Z^]. 

25. JW ='-» Jac (ET, *P, A): this, omitting the factor (abc + 8Z 3 ) 2 .of * is 

ax % + 2Zyz , as» 2 (aa; 3 — 5&?/ 3 — 5cz 3 ) , £ 
&y 2 + 2kx , % a (6^ 3 — bcz 3 — 5gkc 3 ) , >7 
CZ % + 2?£C^, cz* (cz 3 — Sax 3 — 5% 3 ), £ 

the coefficient of £ herein is 

= 1 \(bcy*z % + 2cte 3 )(cz 3 — Sacc 3 — 5% 3 ) — (6c/z a + 2blxy 3 )(by 3 — 5cz 3 — 5ax 3 )\, 

= ^ { bcy*z* (— 6% 3 + 6CZ 3 ) + 2fo [— % 6 + cV + 5<«b 3 (by 3 — cz 3 )~] \ , 

= (% 3 — cz 3 )[5a?a; 4 — blxy 3 — clxz 3 — 3&c^ a z a ] : 

Hence, restoring the factor (abc -f- 8Z 3 ) a , we have the term 

(abc + 8l 3 f . £ (% 3 — cz 3 )[5a£c 4 — blxy 3 — cfoz 8 — SbcyW] . 

26. Jf' = — (5) M. Here Jf is of the form (abc + %l 3 )\a % U + Ac.) ; and 
the 5 operates through the (a&c + 8Z 3 ) a a a , &c. ; we in fact have in M' the term 

— (abc + 8Z 3 ) 2 . £ (by 3 — cz^al'x* — Z^ 3 — cZ'a* 8 — Sbcfjff] , 
which is 

= (abc + 8Z 3 ) 2 . £.(% 3 — cz 3 )[(aic + 2Z 3 )(5aa; 4 — bxy 3 — cxz 3 ) + 186c?y«»] . 
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33. M=-\ [Jac] (P, F, A), = - j 



— 3Z6cf + (— abc + 4Z 3 ) >£ , d^F, x 

— Ska?,* + (— abc + il 3 ) & , d v F, y 

— 3labZ? + (— «6c + U 3 )fr , d ( F, z 



and the whole coefficient of x is thus 

= | \ [3?cV + («5c — 4Z 3 )££] 3^— [8fa&£»'+ (afc — 41 s ) &] 3^, 
or substituting for -|- 3^-F 1 , }3,^ their values, this is 

= 1 3fca>7 2 +(a&c— 4Z 3 )££ } [a 2 6 2 £ 5 — (a&c + 16Z 8 )(&£»£» + a£Y) 

— 4Z 2 (Z>c£ 4 >7 + ca^>? 4 + 4a&£ )? £ 3 ) — 8Z(a5c + 2Z 3 )£V£] 

— 1 3lab?+ (abc— U*) & \ [aW~(aJc + 16Z 3 )(a>? 2 £ 3 + c^f ) 

— 4Z 2 (6c££ 4 + 4ca£>7 3 £ + a&# 4 ) — 8l(abc +• 2Z 3 ) f yff^\ . 

Collecting first the terms independent of abc — 4Z 3 , and next those which con- 
tain abc — 4Z 3 , each set contains the factor 07 3 — b£ 3 , and the whole is = cyj 3 — b% 3 
into 

— 3la 3 bcyi*Z?— SaH(abc+ 8l 3 ) v ^—12l 3 (abc?+ <*cgrf+a>l%?)— 24a? 2 (abc + 2/ 3 )£V 

+ (abc — 4Z 3 ) \ a?c%Y! 3 + a % b& 3 — (abc + 16Z 3 ) £ 4 + 12aZ 2 f ^ f ; 

and here collecting the terms in £ 4 , £ (07 3 + b% 3 ) , $?/!% , and rfZ?, each of these 
contains the factor abc + 8Z 3 , and, finally, the term of M is 

= (abc + 8l 3 )(cyi 3 — b?)[(abc — 8l 3 ) £ 4 — a?c& 3 — a*b% 3 — 12aP^— 6a V?*] « • 
34. M' = \(o)M 

M is here of the form (abc + 8Z 3 )(a Z7+ & F+ c PP) ; and, operating with h through 
the (abc -\- 81 s ) a , &c, we obtain in M' the term 

\ (abc + 8Z 3 ) x (en 3 — b?)[(a!bc + ab'c + abc 1 — 2UH') £ 4 + Ac], 

where a'be + ab'c + abd — 24?«' = 18a6c? + 24Z 2 (abc + 2Z 3 ), = 6P(7abc + 8Z 3 ), 
and the term thus is 

= (abc + 8Z 3 ) x (en 3 — b?) [(1 abc + 8l 3 ) Z 2 £ 4 . . ]. 

This concludes the series of calculations. 

Cambridge, England, 17 il-fa^, 1881. 



